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Application of Hardy Identities and Inequalities on
Cartan-Hadamard Manifolds

Alnazeir Abdalla Adam Abdalla

White Nile University, Facolity of Education, Department of Math, Sudan,
alnazeir@wnu.edu.sd.

Abstract

We study the Hardy identities and inequalities on Cartan-Hadamard manifolds
using the notion of a Bessel pair. These Hardy identities offer significantly more
information on the existence/nonexistence of the extremal functions of the
Hardy inequalities. These Hardy inequalities are in the spirit of Brezis-Vazquez
in the Euclidean spaces. As an application on the way of [43], we establish
several Hardy type inequalities that show improvements as well as simple
understandings to many known Hardy inequalities and Hardy-Poincaré-Sobolev
type inequalities on hyperbolic spaces in the literature, with a little bite of
change.

Keywords and phrases. Hardy inequality; Hardy-Poincaré-Sobolev; Cartan-
Hadamard manifold; Hyperbolic space.
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1. Introduction

We study (see [43]) the improvements of the L*-Hardy type inequalities
on Cartan-Hadamard manifold, i.e. a Riemannian manifold that is complete and
simply connected and has everywhere nonpositive sectional curvature. We also
sharpen Hardy inequalities on hyperbolic spaces.

On the Euclidean space R**<, € = 0, the following Hardy inequality plays
Important roles in many areas:

1+ e\? If |2
f+ ZW}}Fde( > )f+ Iﬂilz dx, f; € Cy(R*). (1.1)
EEI- E EEI- E

2
The constant (?) in (1.1) is optimal. Therefore, we improve (1.1) by adding

extra nonnegative terms to its right hand side. On R3**¢, the operator —A —

1+¢ 1

2
(T) E Is known to be critical and there is no strictly positive functions

V; € V1((0,0)) such that the inequality

146\’ If; |2
J’EE-FEzl f:rl * 2 nate |x|2 x e E j(lxljlfrl X

holds for all f; € C5° (R3**+<) (see [26, Corollary 2.3.4]). The situation is very

different on bounded domains. It has been showed that extra nonnegative terms
can be added to the Hardy inequality on bounded domains. For € be a bounded
domain in R3**¢, e = 0, with 0 €, we investigate the stability of singular
solutions of nonlinear elliptic equations, Brezis and VVazquez verified in [12] that

for all £, € (W)~ (Q):

LZWﬁlzdx_(l—;E)zJ‘ ||£|Ij 3+E|ﬂ| 3+Ef Zml i (12)

where @, . is the volume of the unit ball and z, = 2.4048 ... is the first zero of
the Bessel function J,(z). We also mention that in [42], Vazquez and Zuazua
established the following improved Hardy-Poincaré inequality: for any
0 = e < 2, there exists a constant (1+&)(1+¢,€Q) =0 such that for all

frew) @:

szmzdx— (IEE)EI |If}||§ dx 2 (1+e)1+60) I f; Inseg,

Note that the constant z3 w ”E |!1| z+e in (1.2) is optimal when Q is a ball

and again is not attained in (W) (Q)). Therefore, Brezis and Vazquez also

2
conjectured that zj w ol (11 a+ef ¥ |,aj|2 dx is just the first term of an infinite
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series of extra terms that can be added to the right hand side of (1.2). This
problem investigated by many authors, see for e.g. [1,5, 10,11,18,19,21,23, 24].
We also refer to [3, 26, 30, 31, 36, 40] which are excellent monographs on the
topic. Note that in an attempt to improve, extend and unify several results in this
direction, Ghoussoub and Moradifam [25] introduced the notion of a Bessel pair
and studied its connections to Hardy inequalities. One of their results can be
read as follows:

Theorem A. Let 0 < e < oo,B,,_ = B(0,1+ €) be a ball centered at the origin
with radius (1 +€),V; and W, be positive (1 + e)-functions on (0,1 + €) such

14+ 3
that [, ZTH;}_ —dr=coand [° £r2*<V (r)dr < 0. Then

(1) If (r**<V,r?**W;) is a Bessel pair on (0,1+¢€), then for all
f:r' S (1 + Ej;DEBlhfj :

J; Zﬂilxlﬂﬂ'm?dx:_vj; Zm’mﬂﬂmzdﬂf- (1.3)

1+E 1+€

(2) If (1.3) holds for all f; € (1+ €)§ (By..), then (r2*<V,r2*<cW}) is a
Bessel pair on (0,1 + €) for some € = 0.

Here we say that a couple of (1 + €)*-functions (V;, W;) is a Bessel pair
on (0,1 + €) for some —1 << € = oo if the ordinary differential equation
(Vy') + Wy =0 (14)
has a positive solution ¢ on the interval (0,1 + €).

Muckenhought pairs [37] have been used to study the necessary and
sufficient conditions for the validity of the Hardy inequality on one dimensional
space.

Hardy type inequalities have also been generalized to the cases with
general distance functions, see [4, 10, 32, 33], in multipolar setting, see [9, 14,
15]. Now the following Hardy inequality has been first established on
Riemannian manifold (M, g) by Carron [13]:

i 2 €+ a\? ; 15 1°
| Yplmalaw), = (F5) [ Yerwisam),  as)
where @ € R, (e + @) > 0,f; € (5" (M \ p~1{0}) and the weighted function p

satisfies the eikonal equation |'ﬁ’gplﬂ =1land Ajp = ? for some € = 0. Here
dV,, Vg, A, and |- |, denote the volume element, gradient, Laplace-Beltrami

operator and the length of a vector field with respect to the Riemannian metric g
on M, respectively. For developments see [6, 7, 17, 29].
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When M is a (3 + e)-dimensional Cartan-Hadamard manifold and
p = d(x,0) is the geodesic distance, then p satisfies all the aforementioned
conditions. It was showed in [13] that

[ S, = (55 [ 3 Laq), 16

The constant ({3 ]_2) was verified to be optimal in [43]. When M is the
hyperbolic space H**€, we have

f13+ ZlvHﬂl d(V)H (1+ E) fIE+E ,Jﬂ(i]d(%)}l (1.7)

where p(x) is the geodesic distance on H**<. On the other hand, it is well-

2+¢€

2
known that on H3**¢, the L2-spectrum is [(T) ,m). Then, we have the
Poincaré-Sobolev inequality

2 (2+¢€)
J;IMZWHJ‘H d(I{r’)HE(;) f ZW d(v)H (1.8)

e 2
where (2%) iIs sharp and is never attained by nontrivial functions in

M»}LE(HEHJ. [2] investigated the finiteness and infiniteness of the discrete
spectrum of the Schrddinger operator —Ag + V; and set up the following sharp

improvements of the Poincaré-Sobolev inequality (1.8):

L]3+Ezlv}1fr| d(V)H (2+E) J;13+£Zlﬂ|2d(%)}l

1 If; 17 (2+EJ(EJ £
= — ——d(V.) +——— — __q4(v) . (1.9
_4J;13+£ p?(x) (‘r)H a+e smhz,o(x] (f)H (19)
2
Moreover, the operator —Ag — (2+E) _rr EaE is critical in
4 p?(x) 4 sinh? p(x)

H2*< \ {0} in the sense that for any W} > — 1 +(2+fi‘('f3' e

| Dlvaslacy), - (“E) f Zwmﬂ

J;IH qum d(V) f, € 5 (H3*=\ {0}

is not valid. This Hardy-Poincaré-Sobolev inequality has also been studied on
larger classes of manifolds in [7]. Recently, there has been progress of
establishing higher order Hardy-Sobolev-Maz'ya inequalities on hyperbolic
spaces using Fourier analysis on hyperbolic spaces (see Lu and Yang [34, 35]).
It is also worth mentioning that the problems of improving Hardy type

the inequality
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inequalities as well as other functional and geometric inequalities using the
effect of curvature have been studied intensively recently. See
[8,16,20,27,28,38,39,43].

We study the general Hardy type inequalities on Cartan-Hadamard
manifolds. We will set up some general Hardy identities that can be used to
derive several substantial improvements of the Hardy inequality on Cartan-
Hadamard manifolds. Our equalities not only provide straightforward
understandings of several Hardy type inequalities, but also explain the existence
and nonexistence of nontrivial optimizers (see [43]).

Let (M, g) be a complete Riemannian manifold of dimension (3 + €). In
a local coordinate system {xl}f: we can write

g= Z g ;dxtdx’.

The Laplace-Beltrami operator A, with respect to the metric g may then be
written as

where (g/) = (gi}-)_l. Denote by V, the corresponding gradient. Then

_3f; ag
D Wl Vahs), = ) 67 5L35

We also denote

Vasil, = D, (Vi V),

Fix a point O € M and denote by p(x) = d(x,0) for all x € M, where d

denotes the geodesic distance on M. Then p(x) is Lipschitz continuous in M.
For each point O € M, consider the exponential map exp,: T,M — M.

For X e T, M, let y(t) be the unique geodesic such that y(0)=0 and

y'(0)=X. Then exp,(tX)=y(t) for t = 0. For small t,y is the unique

minimal geodesic joining the points O and exp, (tX).

One can write

M = exp,(U,) U Cut(0),

where Cut(0) denotes the cut locus of the point O and Uy, is an open

neighborhood of O in T,M. Furthermore, expy:U, — expy(Uy) is a

diffeomorphism and (0) = exp, dU,. Also, the cut locus Cut(0) has measure

zero .
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The distance function p(x) is smooth on M\ (Cut(0) U {0}) and it
satisfies |V, p(x) L; =1on M\ (Cut(0)U {0}).

For a Cartan-Hadamard manifold (M, g), the exponential map
expgy: ToM — M is a diffeomorphism and Cut(0) = @, and then p(x) is smooth
in M\ {0} and |'ﬁ'gp(leg =1.

For any (1+€) >0, denote by B,,.(0)={x € M:p(x) <} the
geodesic ball in M with center at O and radius (1 + €). Now, we choose an
orthonormal basis {w,e;,...,es..} in ToM and let c(t) = exp,(tu) be a
geodesic curve. Consider the Jacobi fields {¥,(t),...,¥a, ()} satisfying

¥;(0)=0 and Y/ (0) =e;, so that the volume density function written in
geodesic polar coordinates can be given by

J(u,t) =t~ @+ Jdet((mr),};(r))),r >0

We note that J(u,t) € C=(T,M\ {0}) and does not depend on {e,, ...,e; ..
By the definition of the density function J(u, t), we have the polar coordinates
on M:

J;.{ Z J (xjd(%)g - L2+E J:D Z fi (expo (tw))] (w, )t **dtdu

Here du denotes the canonical measure of the unit sphere of T, M.

For any functions f; on M, we also define the radial derivation @, = ai
el

along the geodesic curve starting from O by

d( f; e 0 _
0,0 =y AP0 s .

Here we denote ;—T the radial derivation on T, M :

d u
B =) (VR )
We note that by Gauss's lemma, we have that |£4d,f| < Z|‘G’£,,a‘:,-|ﬁ_J for
f; € CH(M\ Cut(0)).

We have the following Hardy type identities on the general complete
Riemannian manifold (M, g):
Theorem 1.1 [43]. Let (M, g) be a complete Riemannian manifold of dimension
(3+¢€). Let 0 e M and take 0 < (1+¢€) = d(0,Cut(0)). Let V. and W; be

positive C*-functions on (0,1+ €) such that (72*<V;,72*<WW}) is a Bessel pair
on (0,1+e€). Then we have the following identities for all
f, € Ce(M\ (Cut(0) Up=2{0]):
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Here J'(u, t) = e X = exp,(pu) and ¢ is the positive solution of

D @) + ) W )ew) =0

We consider ¢ which have a zero at some r = 1 + ¢, but are positive elsewhere
and which satisfy the Bessel pair ODE on (0,1+¢€)U (1+ € ). As the
following theorem demonstrates, considering such ¢ allows one to establish
global Hardy identities provided f; is replaced by f; — f; (exp) and provided f;
satisfies (1.10). We note that on finite interval (0,1+ ¢), this function ¢
satisfies the condition in Theorem 1.1. However, on the infinite interval (0, e2),
this ¢ is allowed to be degenerate or singular at (1 + €). We have [43]

Theorem 1.2. Let (M, g) be a complete Riemannian manifold of dimension
(3+€).LetOeMandtake 0 <1+ ¢ = d(0, Cut (0)) Assume that V. and W,
are positive (1 + e)*-functions on (0,1 + €) U (1 + ¢, =) such that the ordinary
differential equation

> e ee @) + ) W@t =0
has a positive solution ¢ on (0,1 + €) U (1 + €, =0).

Then for all f; € C5°(M\ (Cut(0) Up~{0})) satisfying that for all
€ §2*:

im ¥, 1) £ |f expo(ri) — f expo(1+ n) =0, (110)

r—=1+¢€ q_‘)

- LHE@Z"}@W""E@W'
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Here J'(u,t) = ﬂj{u 9 and x = exp, (pu).

By applymg our main results to some explicit Bessel pairs on Cartan-
Hadamard manifold, we obtain many interesting Hardy identities and
inequalities. On the hyperbolic space, we obtain the following identities and
inequalities that substantially improve (1.7) as consequences of our main results
see [43]:

Theorem 1.3. For f; € C5° (H**<):

[ 2l e, - (5 [, Y5,

- J;13+£ZPI+E(3C] | (p i {:xjf'r) d(ﬁ)}l
A+e)2+e) (x)coshp(x) —sinhp(x) _ .
i 3 3 J;-IE+EZJD xX)coshp(x smnplx Ujl d([—;)H

p*(x)sinhp(x)

and
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Obwously, our theorem gives the exact remainder and therefore provides
the direct understanding for the Hardy inequality (1.7). Also, as a consequence
of the above identities, we get that

| Dlvafam), = [ Y lasrawm),

1+€ AR
_( 2 ) J:FI“E p? j(_:'r:J P
(1 + E)[Z + €) p(x)cosh p(x) — sinh p(x)

12d(V) .
ga+e pz (x)sinhp(x) Ul ( *’)H
2
Therefore, the operator —Ay — (?) Py is subcritical in H**= \, {0}, which is
o lx
In constrast to the situation in the Euclidean setting [26, Corollary 2.3.4].

We also present the exact remainder for the Hardy-Poincaré-Sobolev
inequality (1.9) and thus sharpen the inequality (1.8) and illustrate more precise

understanding of (1.9), see [43]:
Theorem 1.4. For f; € C5° (H**<):

2
... 2 Ivafl ),

2+6e)2 1 1 @Q+e 1 ,
_LHEZ[ a2 4 smh’p) 517d(V)g

2

2+€

p(x) sinh 2 p(x)f;
d(V:
J;.Iahg Z sinh2+¢ p{:x] p%(x] ( ;)H ’

and

... Dle.Alam), -
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2
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We also obtain the following Hardy inequalities on hyperbolic spaces in
the spirit of Brezis-Vazquez [12], (see [43]):
Theorem 1.5. Let0 < @ < % For f; € C& (H3**):

z (1+EJ2 5 |f|2
‘L{p{xjilﬁ Zlv}lf}l d(mﬂ_( ;. ) f md(“})ﬂ

2+4e

sinh 2 p(x) f;
p2(x)

(V)

O=plx)<l+e
z2 ,
T 1+e? J;{P':x:]{1+e Z 4 d(L})}I
Ja (lz_ﬁfp(x]) f;
+ v ! d(V.
J;c:p{xjmf Z pre(x) : _{HE] ()] o (1 ) ( })H
_ J’ Z —(1—|—E] z, fa( )
D<p(x)<l+e 2p(x) 1 + Ej ( ('x])
p(x)cosh p(x) — sinh p(x)
p(x)sinh p(x) Il d(I{f)H
and
(1+e)? | If: |2
[ 2ot Pa) (S5 -) [ Tl

Zg

= 124(v,
(1+ E]Q_[,{p{x]ﬂﬁ Z I 17d( J)H
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As a consequence of these identities, we get that

[ dmarlam),=|  Yleslam),
O=pg(x)=1l+e O=pl(x)=l+e

(1+e)° If;1° Za
> ( . f Z—d(V), + : zf Z I512d(V;),
O=p(x)=l+e 2 {:I) ( + Ej 0<p(x)<1+e

oo f 3 149z, Jé(l‘zfem’_ﬂr:))

0=p(x)<l+e 2p(0) 1 " e ( )
p()coshp(x) — sinhp(x) _
oeosinnpG) ! 40
(A+e? If;1? Za 2
= (T s L{P{x’]{1+e sz[x] d(I{f)H " (1+e€)? L{P{X:]{1+E Z lfrl d(I{f)H.

Here z,, is the first zero of the Bessel function of the first kind J.(z).

We use the main results on the Hardy identities to obtain several Hardy
type inequalities and their improvements on Cartan-Hadamard manifolds. We
will focus on deriving the Hardy identities and inequalities on hyperbolic spaces.
We also provide the proofs of Theorem 1.3, Theorem 1.4 and Theorem 1.5.
Proofs of main results (Theorem 1.1 and Theorem 1.2) will be presented latter.

2. Hardy inequalities on Cartan-Hadamard manifolds
We note that if the sectional curvature Ky = —b, then J(u,t) = J,(t)

does not depend on u. Moreover
1 ith=0

1,(6) = { (sinh (Vb))
Vbt

Also, if Ky =—b =0, then by the Bishop-Gromov-Giinther comparison

theorem [22, page 172], we have that

ifh >0
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where J'(u, t) = M,

0 ift =0
D, (8) = {t[l +OLM)—1 ift>0
and

1
(1+elt,(t) = {t

Vbeoth(v/bt) ifb >0

Therefore, we obtain the following Hardy type inequality as a direct

consequence of Theorem 1.1 (see [43]):
Theorem 2.1. Let (M, g) be a Cartan-Hadamard manifold of dimension (3 + €)
and let O € M. Let 0 <1+ € < oo,V and W, be positive (1 + e)! — functions
on (0,1+¢) such that (r2*<V;,72*<W;) is a Bessel pair on (0,1+ €) with
nonincreasing positive solution ¢. Then for f; € C5°(B4..(0) \ p~*{0}):
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Proof. By the Bishop—Gromov—GUnther comparison theorem [22, page 172], we

a
get ‘;{{“2 = 0, where J'(u,t) = j; . Since ¢ Is a nonincreasing function,
i,

—qp’{’_,o(xjj% = —qp’[p(xjj% = 0. Hence, we can apply Theorem 1.1 to
u.p b
get the desired result.

By applying Theorem 2.1 to particular Bessel pairs, we obtain several
Hardy type inequalities with remainder terms on M. These results are listed as

follows (see [43]).
Corollary 2.1. for;L <(+e)and f; € C7 (M \ p~*{0}):

| +€ 2
[>5 e as) —(i) [, 2 7
( (1+e)l-2

d G ixiﬁ)gd(‘i’f)g

[ Y z;;; () -(w) [ S )
LZ e (x) ICjﬂﬂ') d(v;), -

Proof. We apply Theorem 2.1 to the Bessel pair

—(1+e+d

(T2+ET_J,T2+ET_HML) on (0,%0) with ¢(r)=7r" =  to get the

4 2z
desired results.
In the critical case A = (1 + €), we have
Corollary 2.2. Lete > —1. We have for f; € C5°(B;..(0)\ p~*{0}):

%51, TG
J;czp{x]-::uez lij(x] ( ) __J;{p{x]{HEZ 0 [:Jc] d(L})E

(2.1)

( (1+e)-4

3+E(x] ]‘n1_|_E
2
1 X (x
NP Rt AT
O=pix)<l+e 2 (I) 1+e |].Il IXI | g
1+e€

and
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10,1, ()
L {p@@mez lf;,’m 3 f {p{x]{mz lw)lpr:x) d(v),

p3+e(x) ln1—|—(_—'
2
1 X (x
D N G Py
0<py<ire P 1 +e€ |ln | x| g
1+¢

Proof. We apply Theorem 2.1 to the Bessel pair (T“‘fﬁ,r?*f ﬁ)
r 4r3TE|In—

with @ = |1n1L

+E

Actually, we can get the following version of the critical Hardy type
inequalities on the whole space M which is more general than Corollary 2.2 (see

[43]):
Corollary 2.3. Let (1 +¢€) = 0. Forany f; € C5°(M \ p~*{0}), we have

J;{ Zp1+1(x] |?g (ff (x) — f; (expo (1 + E]u]])E d(l’})g

L[ 3150 = f(eo(a+ )]
:}4—[{2 3+E( ]|]. P‘(x) d(ﬁ)g

1+€
p(x) f— (x) — f; (expo (1 + €)u))
J;[Z 1+f(x)| r+el|"|” } ] (),
|l T+e

and

J;{ ZP“:':(J:) |ﬁp (f:,-(x] — f; (expo (1 + E]u]])lz d(p})g

1 |£,(0) — £ (expo (1 + e)unlz
> = d(V,
J;IZ 3+E( ]|]. p(xj ( j)

J;[Z 1+f(x]| fi’:l

() — fi(expo (1 + €)u)) a(v)
]

p
|x|
|lIl 1+¢

g .
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Proof. Apply the Theorem 1.2 to Vi(r)= 1+E,If1{r- =— |1 | and
4rate 1':Ll'l'l‘:'
@ = '|1nil Note that for any f; € C3°(M\ p~*{0}) and any € $7*< :
. s ( )
lim_ {7 expori) - i (expo (1 + )|
r
_ 1 ( |1“1 +e|) )
= lim ) —— =1 [;(expo (ru)) — f; (expo (1 + )w))|
|ln1 + E|
_ 1
< lim —((1+e)—7)*=0.
r—=1+e In
1+e

Now, by combining Corollaries 2.1 and 2.3, we obtain (see [43])
Corollary 2.4. Let (M, g) be a Cartan-Hadamard manifold of dimension 3 + €.
ForA<(3+e€)—2and f; € CF(M\ p~*{0}), we have

[ e J—@ELJIZﬁQJ

2Ly [ SV S

Proof. From Corollaries 2.1 and 2.3, we have

[ S g, (CH2Z2) [ 5 E )

fr (expa((l + E)u))p
P2 (%) |1 p(x]

182

aw)..

(2.2)


https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg

02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

2

1 {(1+e)-2
= J;{ Zp“‘f(l’] aP (P ? (I]f:r) d(lf;-)g
1 (1+e)-2 (1+6)-2 z
= f Z e |0 P 2 @f-A+e) 2 filexpo((L+ew) || d(V))
y b=t P (X) g
(1+e)-2A l+-5] A 2
1 P2 (Of)—1+e) 2 filexpo((1+ew)
= f}f Z p() |2 "),
I X
" e |m 2L
1 p ()
+J;[ Z oo M1 e
':1+E:] A 1+E:| A :
e | |I| I g
N e
Note that the "virtual" optlgnlzers of the weighted Hardy inequality (2.1)
(1+e£)-4

have the form Y(expy,(u))p~ = (x) for some function y: §2*¢ — R. These
optimizers are virtual in the sense that, if equality were to hold in the Hardy
inequality

10,51 (1+e) Iy
J‘ Z p (JC) d(I{f)H - J’ Z HJ’E(JC)
given by (2.1), then the remainder term would vanish, I.e.,

(14e)-4
20, (p
the weighted Hardy inequality (2.1).
We also obtain the following Hardy inequality in the spirit of Brezis and
Vazquez [12] (see [43)):
Corollary 2.5. Let (M, g) be a Cartan-Hadamard manifold of dimension 3 + €.
Forany 1+ ¢ >0 and A=1+¢€ wehave for f; € C5°(B;..(0)\ p~*{0]):

v, N
LM@Z;&; () —(&) [ i),

—Iﬂlz d(V:
By 4+£(0) pr(x) ( )

(x) f}) = 0. Therefore, (2.2) can be read as a stability version of

=
(1 +—E)
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2

2 (1+e)-4
Jo (1‘?';3 EP(J:)) p(x) 2
+ 1+e)— v f d(V)
L1+£(5] p(x]{ 2:I 4 g JFD (IT Epixj) ! ok

g
and

L1+E{ﬂj Z |PP£"5] (V) (&)2 LHE@ Zpﬂljzl;x] d(v})g

|f:]?
> Tr o LHE@ 21,

()| | [ o522\
+ J;'HE{GZI p(x]{H;]_ﬂ d, 2 (lz_rE E,O(x])ﬂ d(v;) .

_ 342 z .
Proof. For any 1+ ¢ >0, (r“f‘ﬂ,?"“f‘ﬂ [Miz z—"z]) is a Bessel
|1+.g} A * " I':L-Il-ié-}ti:]
pair on (0,1+¢) with o(r) =7 To Ci‘;) - Jonse(T). Here

zg = 2.4048 ... is the first zero of the Bessel function J,(z). Note that @(7) is
nonincreasing since 1 + e — A = 0.
3. Hardy Inequalities on Hyperbolic Spaces

We will investigate the Hardy identities and inequalities on the hyperbolic
space H3**<, which is the most important example of Cartan-Hadamard
manifold. We use the Poincaré ball model of the hyperbolic space H*+<. That is,
the unit ball in R**+= centered at the origin and equipped with the metric

ds® = 42 dx .
(1—72)?
Also
23+E
dV)y =Gy

1—7r2\°
":'"H == 2 'f'",

where V denotes the Euclidean gradient. Therefore

1+E
f Zwﬂm d(V f |vu|2 dx
gate |2j1+e

We also recall that the geodesic dlstance from xto0isp(x) =1In 1+—:x' That is

gp- ::I

|x] = By using the Poincaré ball model and applying our Theorem 1.1

gP ()
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for the unit ball on the Euclidean space R**=, we get the following identity (see
[43)]):

2+e 1 2+e 4
Theorem 3.1. If 3 (T {1_T2j1+£L}’T o szwlflﬂ) Is a Bessel pair on (0,1)

, then we have for f; € C5° (H3*<\ {0})

eP®) — eP(®) _
[ X matan, - [ S e,
2
E,p{x] -1 ep{x:] -1
-2 =
Hate (E’P':x] + 1) el ) +1

fi
a(v;),,
Here @ is the positive solution of

e
(e e ®)+ > e W) = 0

on (0,1).
i 2+e 3+e-1 4
Proof. Since % (?" a7 o ,_,,zjmw;) is a Bessel pair on (0,1)

with solution ¢, we get

f e '*"'Clxl)l‘“’f-lzdx—f Y e W (Dl ax
5(0.1) (1 — |X|2]1+E ] ] B(0.1) (1_ |l’|2]3+€ ] ]

_ L i f )
LMZ“_lez)mﬁ(wnl@ (IxDI |V ( o

dx.
Equivalently,

Jpur 2O A, = [ D wasbisra(y),

2

2 f
:LHEZ'«E—(IW@ (1) [V (@(fxn) (),
Now, let
1 — 2y1+e
e =2

G(r) =f Fi(t)dt

Fr(r)(1—r?)*
.0 =1Gro-nem
Then we have (see [43])

Corollary 3.1. For f; € Cg° (H**<):
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2 14 e\’ [(eP(*) — 24
LMZWHH AV)y - ( 2 ) _LIHEZ(I’}) 2\er® +1 lffl V),
\ 2

plx) _ 1 i
f Z‘ (ZP(XJ + 1)‘ Ve L d(I{f)H'

H3+E E'p':x:] . 1
(—gpr:x:n i 1) /
As a consequence, we obtain the following Hardy type inequality that has
been studied in [41]:

f ZWHJ‘} a(v), = (1+E)f Z( ), (ZEEEH)WE (V) g

Proof. We note that ﬁ is a fundamental solution of the hyperbolic
2+e

Laplacian. We have that ¥, (r“f; prre 502

{1—1’2:]1"'5’ 452{1,:] (1—r2)1te
on (0,1) with ¢ = ¥ /G (1).

r
That is (TE"'E {l_rijiﬂqp’) + ) rete

direct computation shows
1

2+—.f

2J1+E P

) Is a Bessel pair

F} (r) 1
GZI:']":] {1 .].-Z:]i'H’:' (‘D

0. Indeed, a

T

Z G’ (Tj _ T2+E (1 2j1+€z 1
(1_T2]1+62 IG(TJ (1_T2]1+E yi+e 2 IG[:T)

:_Zz G(r)
(’r“‘fﬁ@) =_Z(2 (:'l;(rj)

ZWG ()

G=(1)
Z 'IG[:T (1 2J1+E
GE(T) T2+E
F2(r) 1

2+e

4(;2 () (1 —r2)t+e ¢
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Hence by Theorem 3.1, we obtain

[ Swaifa), = (55 [IONIEON

+J;13+EZIG(|IDI Ve (W) d(V) g

Now, we note that Kyz+e = —1. Therefore J(u, t) = J, (t) does not depend on .
Moreover

() = (S";ht)

and

JwD Ji@) 2+e
OGRAG

Therefore, we can rewrite Theorem 1.1 as follows (see [43]):
Theorem 3.2. Let (r*<V,r?**W,) be a Bessel pair on (0,1+ €). Then we

have the following identities

|, Ynecolvailam,-[ Y wewisray),

vH( oG JJ) 4%

@' (p(x)) p(x) cosh p(x) — sinh p(x)

(tcotht — 1).

:L ngof_xnlqo ()|

1+e

Bye o(p() p(x)sinh p(x)
and
[ Dlwmeoslam),-[ > wewisrdy),
2 i
-] Dveeieem ( L D) i),
o' (p(x])p(xj cosh p(x) — sinh p(x) ,
00 D NE s ety B

By applying Theorem 3.2 to some explicit Bessel pairs, we obtain several
improvements of the Hardy inequalities on hyperbolic spaces.
Proof of Theorem 1.3 [43]. We apply Theorem 3.2 to the Bessel pair

1+E

14eh2 1 . . -
(r“f,r?*f (T) ;) on (0,9). Note that in this case ¢(r) =7 = .
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From Theorem 1.3, we can deduce the Hardy-Poincaré-Sobolev identities
and inequalities that provide improved versions with exact remainder terms of
the Hardy-Poincaré Sobolev inequalities studied in [2,7].

Proof of Theorem 1.4 [43]. Let Y(r) =

Z2+eE

) > and W) =

¥

and

sinh r
Z2+e

CD(T] - W(T)T - (sinrh'r

and

Yir) =

Hence
2+ € €

Q'(r) = T‘P(rjz W)

(r&' @)’
_ FEHedp )

Then noting that

(1 —rcothr)
sinhr

24+e; 1T gl—rcothr
- ) :

2 sinhr sinhr

and
®'(r) 2+e€l—rcothr

o) 2 r
T1+EM‘}(T)

T( T )g (1 —rcothr)
2 4+ € sinhr sinhr

2 2+4+€

T oYz
r (sinh’r)
2 —I—E[(l —rcothr) _|_E[l—ir'ccn:hir'j2 cothr 1
2 T2

+ coth?r — 2 +
2 1 T sinh?r

Note that (r“'—’ﬁfb’(r)) +7r** W, (") @(r) = 0, we have by Theorem 3.2
that

_{HHE pr,—i(x] |vH (19%(1’]}3-)
- [ .Y wew

1 Pz,
+J;Ia+gzpl+f(x1¢@(x)) Vs S || AW

(24 €)? 1 /p(x)coth p(x) — 1\*
’ 2 H2tE Z pre(x) ( p(x) )

2
_d(v),
1+¢

p 2 (0f;

2
d(V)g

2

1+

p 2z (0f

2
d (I’})H '
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Therefore, from Theorem 1.3, we obtain

f ZIvH,aj d(v;), _(HE) J;I p'fg;d(r,;)ﬂ

t[ Y sl (o @) e,

(1—|—E][2—|—E) p(x)cothp(x) =1 _ .
J;13+.; Z o (Ijl lfflz d(I{f)H

2 Pﬁ(ﬂc)f}
[ X e vH(‘I’(p( JJ) )

1 ;1 L d )(2 )
+( +E) J;_IE+E pj(x]d(v) e J;_IB+E

(2+E]2f p(x]cnthp[x] — 1
Ha+e p(x)

_ 2 @
Y oigls) EH(W( 9) ) )

(1 —|—E)2 1 (1+e)(2+¢€)p(x)cothp(x)—1

ZP(X)cothp(XJ —
p*(x)

) 15E+ [ D e cow eI,

2

1
5124,

> PR M ()
eela| 24 e[(l —p(cothp(x)) _ € (1= p(coth p())’
p?(x) 2 p?(x)
(2 + €)? (p(xjcnth p(x) — 1
2 o(x) 24
2 p() — 2 0HPD | }"’3' ()
Feoth”p(x) — o(x) 5111}:1'2 ]

2

A1)y

1 . P%i X)f;
= @ v
Lmzpmw (P(x)) | Ve ( SG0) )
2+e)? 1 1 (2 + €)(€)
N J;_13+E Z [ 2 T 4p2(x)  asink? p(x)
In other words,

2
[IYSEON

5124(%),,
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2+6)2 1 1 (@246 1
_J;_Iah‘:'Z[ 4 +£_1-p2(x]+ 4 sinh? p(x)

) 1, Py,
e 2 @) “H\\m@@)) 1W)s-
Similarly, we also get

512a(V;)

> 2+ 1 1 (@246 1
f Zlapﬂld(u)}l_f Z 4 i T 2 smh’p(o)

2

A1)

f13+gz Lte(x )qﬂ(p( )9

EXe: )fj
‘I’EP( )
Corollary 3.2 [43]. We have

Vaf| ((1+e)—2)? 1512
J;_IB+EZ p? (jcj J)H B 4 J’HHE ﬂ+jz (x) d(V)H

ZLHEZ g |2 (0 S o) ),

((1 +e)—A)2+e) p(x)cosh p(x) — sinh p(x)
2 ——y p**2(x)sinh p(x)

3,51° (1+€)—2)? 1517
J;IHEZ P (xj (L})H_ 4 J;IHE ﬂ+J2 (x]d(V)H

[ Dl (P @) a,

((1 +e)— A2 +e) J’ Z p(x)cosh p(x) — sinh p(x)
2 HI+E
As a consequence of these identities, we get that for 4 < (3 + €) — 2:

J;-Ia"'f Z |PH£5] 4, )H N J;I +e Z l,jpij (L;)H

((1 Y J_';-IE"'E lmz d(V)H

5124V

4 P2 ()
((1 +e)—A)2+e) p(x)cosh p(x) — sinh p(x) ,
2 Ha+e p**2(x)sinh p(x) 5124 (V)
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((1+EJ A* Ifil*
LHZ Hé(_x) (%)x

2
Proof. (T1+E ﬂ,r“f ﬂ@%) is a Bessel pair on (0,%0) with
T
—(1+el+Aa

p(r)=r"=2 .
Corollary 3.3 [43]. We have

f Zﬂﬂﬂ a(v). — -3 f zszde)
D<p(x)<l+e 1+E(5’C] 7H E1+E)2 D<p{x)<l+e 1+E(1’j H

2 (2 p0) p 2
- J;{p{x:]ci1+e Z P:EE(XJ v} jﬂ ( j ) dU{f)H

J’ Zfﬁ (mﬁ(x])p(x]coshp(xj — sinh p(x)
D=pix)<i+e _fﬂ, (li? . ) PE+E{X}5inhP(x)
and

f Zﬂpﬂ (v), -3 f ZIUW a()
D<p(x)<i+e 2+E(5"5j a (1+4¢)? 0<p(x)<ire &=t PTTE(X) /7H

_ 3 (T5ep®) f; 2
B J;::p{x]ciuez PHEE(J:J % Js (%“Lp(x]) d(L})H

J’ Zﬂr (%P(x])p(x]mshp(x] — sinh p(x)
0<p(x)<i+e == [, ( p(x]) p**e(x)sinh p(x)

As a consequence of these identities, we get that

f Zler d(v) }f lefr
D::p{x]::1+e l+E(x] /H O<p(x)=1+e 1+E(x] H

—2+¢€)

0
1+¢€ |ff|2d(1‘;)H

—2+¢6)

0
1+¢ Ifflzd([{r)}]

151
Eu+a mw@ﬂmZEH%m”E%
_@+ )2 f Zﬂ} (:ﬁf EPEX))p(xjcoshp(xj — sinh p(x) £ ()
Z, 2te : j |
1+e¢ O<p(x)<1+e _fﬂ (1 T e ) P (XjSlﬂhp{:X] H
z§ 151°
= (1+¢€)? 0<p(x)<1+e ZPHE@:] d(%)H.
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2

Proof. (T T z‘;]z) is a Bessel pair on (0,14 ¢€) with ¢(r) =, (ir) and

o' () =2y ()

Proof of Theorem 1.5 [43]. We note that
2+e—A 2+e—A {{1+.5:]_;1:]3_ 211 Za .

(T S [(—4 a )rz+ (1+e]2]) on (0,1+¢€) with

A—i 1+£} 1+e—i . .
p(r)y=r = ], (—r) D=a<= A Here z,, is the first zero of the Bessel

function /. (z). Now, we can apply Theorem 3.2 to obtain the desired results.
Corollary 3.4 [43]. We have

1var, - f Y 151’
V) —- sd(V;
L{p{x:]ci1+ez 1+E(x] ( })H 4 O=p(x)=<1l+e P(x] ( })H

3+e
pore(0) |InTorg

1 | p() f;

= In Vo | —L— || d(V,

Lpe;.mzp“fm T+el [ 1 T (s
1—|—E/

1 1 p(x)coshp(x) — sinh p(x)
L TR sy L AP,
0<pi<ire &P 1“m| p?(0)sinhp(x)

10,11 1 f Y 151
V) —- . v
L{p{x]{1+f Z 1+E[:xj ( j)H 4 D=p(x)=1l+e ( j)H

3+E( j|ln1+E

2

and

1 _
s el
D=pix)=<l+e o I[X) 1+e |].Il IXI | H
1+e€
1 1 p(x)cosh p(x) — sinh p(x)
+f Z L+e ) 2(x0)si 512d(V),,
D=<p(x)<i+e P (I) g |].Il ?T| P (IJSIHhP(l—)
€

As a consequence of these identities, we get that

J’ Zler d(v) }J' lefr
O=p(x)<il+e 1+E(xj /H O=p(x)=<l+e 1+E(xj H
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1 2
E"-_l-f |f-}| 2 (I};—)H
O=p({x)=<1l+e 3+E( j|1 p(x]

1 1 (xjcc-shp(x] — sinh p(x)
+ D s 5 12d(V,)
0<p(x)<14e =i P In 2 p* (x)sinhp(x)
1 ;I .
~4 0<p(x)<l+e p3+ p(x) : (j)H.
(o) |In==¢ 1+e
Proof. (T,ﬁ) is a Bessel pair on (0,1+ €) with @(7) = '|111 f| and
4r n . =
¢'(r) = ———
2r WIn

1+e

4. Proofs of Theorem 1.1 and Theorem 1.2
Proof of Theorem 1.1 [43]. Let f; (x) = @(p(x))v(x), then

f PRACENSARINN
B, 4+£(0)
_ f PRACO AT NN

B +(0)

PRACUH RNV ATR(AS

By4£(0)

+J'HI+E{O] Z1.;.(_p(xj)|v2(x)llﬁ'g@(p@f)Jlgd('f§)g

+| { jzvcor:xnfpco(xn(v v2,V,0(0() d(V)

g

zf { ijf_xnl@ (CNV,v[ v,
V(0 v ()1 l@" (e 7 d(V;
J’51+E{GJZ ( )
+ f { ]ZLi;-cotana(p(ana’tp(x))(?gv%%ﬂ(xﬁ)gd(‘«*})g

Now, using the divergence theorem, we get
f Z V()@ ()¢ (p))(Vy v, V,p(x)) d,

By4e(0)
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- { ]Znv?(x)div(t;ﬂo(xnw(wco(xnvgp(xj)
- ) r@YeEee@)e peemdh),

B, 4+£(0)

- {]Zv?(x)l»;fco(ana(ptxn@’(ptxnd(v})g
- D e nee ee pend(),

By 4+¢(0)
- {]szr:xﬂ;-co(xn@co(xw”co(xnd(lf;-)g

Noting that (see [22,4.B.2])
(3+e)—1 f (u, p(x))

A
9P() = p(x) j(_u p(x))’
Hence
LHE{DJ ) Gl fLd(y), - J; o > Ve’ [pr[x])”'i’gvgd(l,;)g
v,
== f qu(p(x))pﬂgx] (p(x))e’ (p(x)] ( ] d('{?)g
By 4+¢(0) —|—[,;-’('p(x]]qp (p(xj) + V(P(x]]@”(.o(l’]]
J'(wp(x))
— 2 V. ,
L L LT NEEeRe G a),
Z@ (p ()2 (W, (p(x))
By +¢(0)
LHE@ZF OV (e())e(p(x))¢’ (p(x DJ(_ p(m d(v;),
= f {]Z%@(xmn?d(@)g
[ JWwpr®)
— 2 V , ”
L L 2T LG e d(),

> WIS Pdy)

B +e(0)
@' (p(x)) ] (u, F'El’]]
- Y i V) .
Jy oy 2 O S Ty 2

Now, denote F.(y) = f;(expo (1)), @(y) = @(expy(¥)) and
W(y) = v(expg(y)). Then using the polar coordinate we get
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[ > wewisray),

By +¢(0) e

-] D W @ee0e) e, pdpd
-] 2% ®8,00)0@¥ @) pdeds
-] 20,900,000 (wjw pldods

f f HEZP“"’V ©)(3,2(p)) ¥ (pw)] (u, p)dpddu

+

2 . f N 0 (0)8,9(0)0(0) 3, ¥ (o) V(o) u, p)dpi
L] e me2,00000)¥ @0, we)dpdu

Hence, we have

> W eeIf ),

By 4¢(0)
N Lzﬂ:‘ f ZPE+EL§@)|W@H} apm(pj + {I}(p] apq‘[ﬂou}lzf(u,p]dpdu
B L f ZP“E‘? (0)|@(0)6,% (0| J(u,p)dpalu
+Lz+gf ZPHEV@] 0, 2(p)®(p)¥* (pw) 8,] (u, p)dpdu

Llﬂ{ﬂ]zv{p&nlapﬂl () _f . Zl’ff(r‘-’(x)) a, (ﬁ) |

2 J' (u,p(2))
f dlV:
Lm@ 2. (@(ﬂl’_x})) P (e 4,
Proof of Theorem 1.2 [43]. Let f;(x) — f;(expo (1 + €)w)) = ¢(p(x))v(x).
Then proceed as in the proof of Theorem 1.1, we get

9> (p())d(V,
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